We present a complete list of all continuous solutions f : (0, +∞) → (0, +∞) of the equation f 2 (x) = γ [f (x)] α x β , where α, β and γ > 0 are given real numbers. Primary 39B22 ; secondary 39B12; 26A18
Introduction
In this note we give a complete list of all continuous solutions f : (, +∞) → (, +∞) of the equation Proof Fix x, y ∈ (, +∞) and assume that f (x) = f (y). Then by (.) we get
and since β = , we obtain x = y. Thus f is injective. This jointly with continuity implies strict monotonicity. Now suppose that, contrary to our claim, lim x→ f (x) ∈ (, +∞). Then, by the continuity of f and (.), we obtain
a contradiction. Thus lim x→ f (x) ∈ {, +∞}. In the same manner we can prove that lim x→+∞ f (x) ∈ {, +∞}.
Main results
To give a complete list of all continuous solutions f : (, +∞) → (, +∞) of equation (.), we will split our consideration into the following three cases: β = , α =  = β and α =  = β. It turns out that the description of all continuous solutions of equation (.) in the first case is quite easy; whereas in the third case it is much more complicated than in the second one.
The case β = 0
If β = , then equation (.) reduces to the equation for all x ∈ f ((, +∞)). +∞) ). Then, for every x ∈ (, +∞), we have f (x) ∈ f ((, +∞)). Now, putting f (x) in place of x in (.), we obtain (.). Moreover:
If I = (, +∞), then (.) holds for all x ∈ (, +∞) by Proposition .. Therefore, to the end of the proof, we assume that I = (, +∞).
Since f is continuous, it follows that I is an interval. By Proposition . we see that (.) holds for all x ∈ I. Thus (.) holds. Condition (.) follows from the continuity of f and condition (.) is a consequence of the definition of I. This completes the proof of the main part of the result.
To prove the moreover part put A = inf I and B = sup I. Since I = (, +∞), it follows that  < A or B < +∞.
Assume first that α < . We will show that  < A and B < +∞. (iii) Assume β =  = γ .
+∞). If f : (, +∞) → (, +∞) is a continuous and increasing solution of equation (.), then f maps
I(x  , f (x  )) bijectively onto I(f (x  ), γ x  ). Conversely, if x  ∈ Int I(x  , γ x  ), then every increasing bijection f  : I(x  , x  ) → I(x  , γ x  ) can be
uniquely extended to a continuous and increasing solution f : (,+∞) → (, +∞) of equation (.). (iii  ) Equation (.) has no continuous and decreasing solution from f : (,+∞) → (, +∞).
(iv) Assume  < β = . 
+∞). If f : (, +∞) → (, +∞) is a continuous and increasing solution of equation (.), then f maps
β for all x ∈ (, +∞). To prove the second part of the assertion, fix a decreasing bijection f  : (, γ with some a ∈ (, +∞).
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